Bose-Einstein Condensation on Holographic Screens 
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We consider a boson gas on holographic screens of the Rindler and Schwartzschild spacetimes. It is shown 
that the gas on the stretched horizon is in a Bose-Einstein condensed state with the Hawking temperature Tc = Th 
if the particle number of the system be equal to the number of quantum bits of spacetime A' ~ A//p^. A boson 
gas on a holographic screen (r > 2M) with the same number of particles and at Unruh temperature is also in a 
condensed state. Far from the horizon, the Unruh temperature is much lower than the condensation temperature 
{Tc = Tij„„,h + \/ f{r)Tpianck)- This analysis implies a possible physical model for quantum bits of spacetime on 
a holographic screen. We propose a unique and physical interpretation for equipartition theorem on holographic 
screens. Also, we will argue that this gas is a fast scrambler. 
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Many efforts have been made to find a statistical interpre- 
tation for the entropy of black holes. Starting from a theorem 
proved by Hawking [T, 5], Bekenstein conjectured that the 
entropy of black holes is proportional to the area of its event 
horizon , 5bh = where, A is the area of event horizon 

and Ip is the Planck length JSn. Further evidence for this was 
given in studies by Hawking Jj]. Until 1995, no one was able 
to make a precise calculation of black hole entropy based on 
a fundamental theory. The situation changed when A. Stro- 
minger and C. Vafa calculated the right Bekenstein-Hawking 
entropy of a supersymmetric black hole in the string theory 
using a method based on D-branes |5]. Their calculation was 
followed by many similar computations of entropy of large 
classes of other extremal and near-extremal black holes. How- 
ever, these methods cannot be applied to the more general case 
of nonsupersymmetric neutral black holes. Also, loop quan- 
tum gravity has yielded a detailed prescription for identifying 
microscopic quantum states corresponding to an isolated hori- 
zon 16|]. 

Despite strong evidence for Bekenstein's conjecture, the 
physical nature of quantum mechanically distinct internal 
states has remained unknown. There is another different per- 
spective for microstates of a Schwarzschild black hole based 
on earlier ideas of 't Hooft [7], Susskind [8] and some other 
works [To|]. Gerlach tried to interpret the Hawking radia- 
tion as one produced by zero-point fluctuations on the surface 
of a star that collapsed to form black holes. He concluded 
that the number W^p of zero-point fluctuation modes gives rise 
to the Hawking radiation of freely evaporating Schwarzschild 
black holes is satisfied at InW^^ = 2805bh 1 1 !]■ Also, accord- 
ing to York's proposal. Hawking radiation is produced by the 
black hole's quantum ergosphere of thermally excited gravi- 
tational quasinormal modes. He concluded that the number 
of ways Wge this quantum ergosphere can be excited and re- 
excited, during the evaporation of Schwarzschild hole into a 
surrounding radiation bath is satisfied at InW^^ = 1.1065bh 



ilM- It has been shown that one can consider the number of 
quantum mechanically distinct ways that the black holes could 
have been made by infalling quanta particles |9]. The number 
of ways a Schwarzschild black hole of mass M can be made 
by accretion of quanta from infinity (r 2M) will be a precise 
statistical explanation of W. 

A great deal of effort has gone into resolving the puzzles 
of black hole thermodynamics and information loss. In this 
context, the idea of a stretched horizon arose as a useful tool 
for thinking about black holes. It originated as a classical de- 
scription of black holes seen by an outside observers, but the 
concept was later borrowed to help give a consiste nt q uan- 
tum mechanical interpretation of black hole physics lll3lll4ll . 
It was also shown that the degrees of freedom of a stretched 
horizon can be viewed as a gas of quasiparticles. This simple 
picture makes manifest several universal properties of hori- 
zons, including the universal relationship between entropy and 
horizon area pisl). Although a lot of research work has been 
focused on explaining the physics of horizon, our knowledge 
of holographic screens and their thermodynamics is still far 
from perfect. In this paper, we introduce a new perspective 
for investigating the condensation of an ideal boson gas in the 
background of Rindler and Schwartzschild spacetimes. For 
earlier studies on condensation on a curved spacetime see Ref. 
[16]. This analysis could be considered as a probe into the 
quantum structure of spacetime. Our calculations indicates 
that the equipartition theorem on a holographic screen should 
run as follows. 



(1) 



*Electronic address: b.mirza@cc.iut.ac.ir" 
^Electronic address: h.mohammadzadeh@ ph.iut.ac.ir| 
^Electronic address: z.raissi@ph.iut.ac.ii, 



where, f/„ and T„ denote the internal energy and the Un- 
ruh temperature on a holographic screen, respectively. A^,. — 
Nu{Ti,/Tc)'^ is the number of excited quantum states of space- 
time where, Tc and N„ ^A/ 1^ are the local condensation tem- 
perature and number of quantum bits of spacetime (particle 
number), respectively. 

First, we will evaluate the density of states in the back- 
ground of a curved spacetime. We consider a system 
with non-interacting particles described by a Hamiltonian 
H{pi,qi). The system is confined to a specified volume and 
has an energy E. Therefore, H{pi,qi) = E designates the 
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phase space points located anywhere on the constant energy 
surface. We can start from the following quantities: 



(2) 



r(£)= dpdq&iE-Hip,q)), 



where, 0(x — xq) is the Heaviside step function and the den- 
sity of the state is g{E) — dY{E)/dE. Now, for computing the 
volume of the phase space below an energy E in the curved 
spacetime, we have to use a covariant definition of energy. 
Such a definition of phase space volume in any static space- 
time is given by iflTi 



T{E)^ d^xd^pQiE-^^Pa), 



(3) 



where, p" is the four-momentum of the particle and = 
(1,0) is the killing vector of the static spacetime. We con- 
struct the density of states for a two dimensional box in a static 
spacetime. By using p"pa = m^, one can write 
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(4) 



where, goo and "/(^^ are the metric elements of spacetime and 
generally the fine element is ds^ — goodt^ — Japdx^'dx^ . For 
a Rindler spacetime, the line element is ds^ = (1 + Kx)^dt^ — 
dx^ — dx\^, where K is the surface gravity and Rindler observer 
perceives a horizon at x = — 1 / K". Due to the quantum uncer- 
tainty about the position of any object, one cannot differen- 
tiate between an object that is Planck length distant from the 
horizon or one that has crossed the horizon. Therefore, we 
assume that the box reaches x— — K^^+lp. For a two dimen- 
sional box fixed near the horizon, by using Eq. (HI one can 
evaluate 



r{E) ^ Anj ^dWi^-m") 



Thus, the density of states is 

g{E) = dT{E)/dE = ^nAj^E/K^lp^, 



(5) 



(6) 



where, Aj_ is the area of the box. We can work out the parti- 
cle number using the derived density of states and the bosons 
mean occupation number. 
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ikBTfLi2{z), (7) 



where, Li„{x) denotes the polylogarithm functions and z = 
exp(j3/i) is the fugacity of the boson gas. As we know, Bose- 
Einstein condensation occurs at z = 1, and one can find the 
pha se transition temperature at the constant particle density 



SnA^kB^Ci^y 



(8) 



where, ^{x) is the Reimann zeta function. Hawking radia- 
tion temperature is j3// — 27t/K, and one can, therefore, find a 
relationship such as that in ^ below to hold between phase 
transition temperature and the temperature of the horizon. 
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Now, a surprising result occurs when the particle num- 
ber is equal to the number of quantum bits of spacetime on 

the stretched horizon: = (^)(Ax/^p^) ^ 1.04 (Ax//,,'). 
In this case, the condensation temperature Tc is equal to the 
Hawking temperature Th, 



Tc = Th. 



(10) 



To gain more information about the quantum structure of 
spacetime, the ideal boson gas may be viewed as a probe. 
Therefore, we expect to find some thermodynamic quanti- 
ties of the holographic screens by imposing ~ Aj_/lp^. It 
should be interesting to investigate weak or strong interac- 
tions between particles of the gas or to use some other probes 
such as an ideal gas with fractional statistics. We will dis- 
cuss these elsewhere. In the following, we will consider the 
Schwarzschild spacetime with the following metric. 



ds^ 



2M 



dt^ 



2M 
r 



dr^-r^dQ?. (11) 



Obviously, the surface of constant energy is characterized by 
Y^^PaPp — E^/goQ — rrP'. Now, consider a two dimensional 
spherical box at a fixed radius, which contains non-interacting 
bosons in the ultra-relativistic limit where the rest mass of par- 
ticles is negligible. We derive some thermodynamic quantities 
at stretched horizon (ro = 2M + h). We will choose h such 
that the proper length from the horizon is equal to the Planck 
length. Therefore, we will fix h to be 
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We evaluate r(£') using Eq. ^ as follows 

r(£) = I d^xd^p &(^E- ^f^Jm^Vp^) 



^ 47t I ^Jyd X 
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and therefore, the density of states will be g(E) — 
87r£2£'r,2/(l — ^), where, Q. denotes the solid angle and ro 
is the radius wherein the box is located. The particle number 
can be evaluates as follows 



N - No = S7tD.{kBTf 



2M 



Li2{z), 



(14) 
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In this case, the phase transition temperature will be 



1 _ 2M 



(15) 



If the box is located at near the horizon (h ^ 2M), we approx- 
imate [1 - (2M/ro)] « h/{2M), and using Eq. (O, we will 
have 
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(16) 



We notice that Hawking radiation temperature is given by the 
surface gravity, K — g'oo/l = 1 /2M, and Aj_ — J ^d^x ~ 
fir^. Finally, one can work out a relation between BEC tem- 
perature on the stretched horizon and the Hawking radiation 
temperature of the black hole. As is expected, we obtain Eq. 
(|9]l again. For any spherically symmetric static spacetime with 
the metric 



ds'^ = f[r)dP- 



1 



dr^ 



r^dQ}, 



(17) 



the horizon (r — ru) is defined by /(r//) = and firn) =2k. 
It is straightforward to calculate the density of states g{E) = 
^nEA±/f{r) and the phase transition temperature will be ob- 
tained as in the preceding evaluation . We note that at lo- 
cations near the horizon, the metric element can be approxi- 
mated by = /(r) « (r — rH)f'{rH) and we use the proper 
length Ip from the horizon instead of h by using 
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Also, a similar relation will hold between temperature of the 
phase transition and the Hawking temperature as in Eq. 
We can also evaluate the relation between the phase transition 
temperature of the ideal two dimensional boson gas located at 
an arbitrary distance from the horizon and a temperature equal 
to the Unruh temperature of the holographic screen. Straight- 
forward calculation leads to the following new result. 



(18) 



T,^Tu + ^f{r)Tp. 

where, r„ — \f'{r)\/An denotes the Unruh temperature lEoll 
and Tp = 1 /2KkBlp is the Planck temperature. It is evident 
that the above equation reduces to ( fTOl i on the horizon. In 
other words, the condensation temperature on the holographic 
screen is greater than the Unruh temperature and, therefore, 
the quantum bits on the screen are in a condensed state. 

We claim that this theory could be considered as a model 
for the quantum bits of spacetime on a holographic screen. 

One can evaluate the internal energy and entropy of the 
screen at the stretched horizon in the condensate state. Using 
the evaluated density of state and the well-known thermody- 
namic relations, we obtain 
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l{U-F) = YNHkBc^kB^ 



(19) 



where, F is Helmholtz free energy and yo = , 7 — , 

and it is evident that U = ^STh- Therefore, the internal en- 
ergy of the gas on the stretched horizon will be proportional 
to the mass of the black hole (M U ^ NHkBTu)- Similar 
calculation for an arbitrary holographic screen yields. 



2 ,Al^ 
Uu = ^U^)kBTu{ 



^" \2 ^ M K T ( " 

i Ip Tu + ^f{r)Tp ic 



Su = YNukBi 



(20) 



In the above equation NuksTu = NnkBTfj ^ Mc is a con- 
stant. We propose that (l20l) is a valid result for quantum bits 
of spacetime on the holographic screen. The new equipartition 
theorem for an arbitrary holographic screen which is defined 
in (pO)) leads to the following first law of thermodynamics. 



dU ^ TdS-PdV + fidN 



(21) 



where, P ^ Tu{Tu/Tc) and ^ Aj_/lp . The presence of the 
last term is due to the fact that the number of quantum bits on 
two neighboring holographic screens are different, although 
for a single holographic screen = 0. It is simple to show 
that a part of dU cancels out both TdS and PdV terms ex- 
actly. Another part of dU is equal to jidN. We propose a new 
physical energy interpretation for the quantum bits of space- 
time on the holographic screen, namely f/„ = A^i,fcBr„(|f )^ = 

NgkBTu = M(^)^. This physical energy on the holographic 
screen is too small to be detected at this time. This analysis 
leads to the following proposal: 

On an arbitrary holographic screen the number of quantum 
bits of spacetime in the ground {No} and excited {Ne = Nu — 



No} states are related by: No = Nu{l — (- 



-n 



This means that all quantum bits of an asymptotic Minkowski 
spacetime [T„ — 0) are in the ground state. It should be noted 
that the definition ofUu in (|20|) does not change the Newton 's 
inverse square law if we use the entropic interpretation of the 
gravitational force ll2lll . Another interesting result is that the 
horizon is a boundary where all quantum bits of spacetime are 
going to be in the excited state, calculation of jU from (|2T]) 
yields: 



'T/ 'dr^ 



T, 



Vf 



(22) 



For r>> 2M, /i ^ ( 1 /r^ ) is extremely small and tends to zero 
asymptotically. It is simple to interpret this behavior for the 
asymptotically flat region where most quantum bits of space- 
time are in the ground state and little energy is needed to add 
a quantum bit to the excited states on the holographic screen. 
On the other hand, on the horizon, ji goes toward large num- 
bers, which is also expected. All excited states are full on 
the horizon and a large amount of energy is needed to add 
a quantum bit to the holographic screen. It seems that for a 
holographic screen inside a black hole quantum bits of space- 
time should start filling quantum states with an energy gap 
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from the ground state. Based on this interpretation, the sin- 
gularity is not a physical point as the lowest possible energy 
for a quantum bit of spacetime goes to infinity at that point. 
We will investigate this interpretation more completely else- 
where. It is simple to show that the time scale for a particle 
to diffuse over the entire physical system with temperature T 
satisfies tT ^ N'^l'^l^p, where is the number of particles, 
p is the average momentum of a particle in thermal equilib- 
rium and Iq is length scale of the system, which for a dense 
gas can be the separation of the molecules or their size. In 
the case of strongly correlated quantum systems, the diffusion 
and scrambling times are of the same order. If the total en- 
tropy of the gas is in the order of the number of molecules, 
than the scrambling time is f*r = S^^'^Ti , where d is the di- 
mension of the system. One might think that in the real world 
ti,T never grows more slowly than S^l^ ||22|] . However, as- 
suming that the Stefan-Boltzmann law gives the rate at which 
the stretched horizon emits energy in the outgoing Hawking 
radiation ^ tjTh^), where t is the Schwarzschild time 
coordinate, we will, therefore, have, 

fc.7>,fi^r^5 (23) 

Now, one can obtain a consistent scrambling time f* ^ j3 In 5, 
where j3 is the inverse Hawking temperature. It is remarkable 
that for a black hole, the scrambling time satisfies t^T ^h\nS. 

One can obtain the entropy of the holographic screen at 
stretched horizon by counting the likely microstate. We can 
assume that the system has G =Aj_/l^ states to be occu- 
pied and quantum bits of spacetime have to be distributed 
among these states. Also, we notice that at the condensate 



state = Aj_ //^ = G. Therefore, the number of distinct ways 
in which the identical and indistinguishable particles (quan- 
tum bits of spacetime) can be distributed among the G excited 
states in the thermodynamic limit will be 

(G+A^-1)! ^, (2A^)! 
Nl{G~iy. ~ (A?!)2 

and, therefor, the entropy can be worked out as a function of 
A^ or equivalently Aj_/lp as follows 

S = kBHW)~aN + b\n{N)+c-+d\ + --- 

^ a^+bH^)+c'-l + d{'-l)' + ---, (24) 

Ip Ip Ax Ax 

where, a,b,... are constants. For an arbitrary holographic 
screen, the system has G = Nu — No = Nu{Tu/Tc)^ = Ne ex- 
cited states and the effective number of particles (number of 
excited quantum bits of spacetime) is equal to Nu{Tu/Tc)^ 
and so entropy is proportional to (j20p . In a Minkowski 
space where all quantum bits of spacetime are in the ground 
state, the entropy is zero. In this way, we may obtain the 
Bekenstein-Hawking entropy as well as its corrections which 
are somewhat universal in theories of quantum gravity such as 
string theory and loop quantum gravity. We may consider this 
boson gas as an effective coarse grained theory for quantum 
structure of spacetime. 
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